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Overview
1. MergeSort
2. Running Time of Merge Sort
3. QuickSort



Previously
Sorting meets Divide & Conquer

MergeSort: Divide by Index

1. divide  into halves 

2. sort  recursively

3. sort  recursively

4. merge  and  to form sorted array

a m = (n + 1)/2
a[1..m − 1]
a[m. . n]

a[1..m − 1] a[m. . n]
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Pseudocode
# sort values of a between indices i and j-1
MergeSort(a, i, j):
  if j - i = 1 then
    return
  endif
  m <- (i + j) / 2
  MergeSort(a,i,m)
  MergeSort(a,m,j)
  Merge(a,i,m,j)

4- ← base case
sort left half

€ sort right
c- merge halves



Illustration of MergeSort
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Correctness of MergeSort
Establish two claims:

Claim 1 (merge). If  and  are sorted,
then a!er ,  is sorted.

Argued on lecture ticket!

Claim 2. For any indices , a!er calling 
,  is sorted.

Argue by Induction!

a[i. . m − 1] a[m. . j]
Merge(a, i, m, j) a[i. . j]

i < j
MergeSort(a, i, j) a[i. . j]
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Pseudocode Again
00  # sort values of a between indices i and j-1
01  MergeSort(a, i, j):
02    if j - i = 1 then
03      return
04    endif
05    m <- (i + j) / 2
06    MergeSort(a,i,m)
07    MergeSort(a,m,j)
08    Merge(a,i,m,j)

f)
k=l just return

all arrays of size
I

are sorted !

⇒ have site

ʰ¥<k←y
/ output is succeed
sorted by byind .
Claim 1 hyp .



Inductive Claim
Consider , de"ne  to be size

: for every ,  with size 
succeeds

Base case :

Inductive step :

MergeSort(a, i, j) k = j − i
P(k) ≤ kk′ MergeSort(a, i, j) k′

k = 1

P(k) ⟹ P(k + 1)

# of elements

being sorted

all arrays of size I are

sorted !

☐
Assume Mergesorf Sorta all arrays

of
site up to k

.

Show sorts arrays of size
left :



Question
How e#cient is MergeSort?

00  # sort values of a between indices i and j-1
01  MergeSort(a, i, j):
02    if j - i = 1 then
03      return
04    endif
05    m <- (i + j) / 2
06    MergeSort(a,i,m)
07    MergeSort(a,m,j)
08    Merge(a,i,m,j)

Selection sort : Ocnz )

/



Analyzing Running Time

Observation 1. Let  be the size of the method call 
. Then running time is  running

time of recursive calls on lines 6-7.

Observation 2. Recursive calls have size .

Assume size is power of 2

00  # sort values of a between indices i and j-1
01  MergeSort(a, i, j):
02    if j - i = 1 then
03      return
04    endif
05    m <- (i + j) / 2
06    MergeSort(a,i,m)
07    MergeSort(a,m,j)
08    Merge(a,i,m,j)

k = j − i
MergeSort(a, i, j) O(k)+

k/2
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Combining Observations



Looking @ recursive calls by depth :

calls ( size) no. Calls size of
calls
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Looking @ recursive calls by depth :

calls ( size) no. Calls size
,

I n

n\⑤ 2 %



Looking @ recursive calls by depth :

calls ( sizes no. calls size
,

0 ④ I n
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Looking @ recursive calls by depth :

calls ( size) no. calls size
,

0 ④ I n
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Looking @ recursive calls by depth :

calls ( size) no. calls size
,

0 ④ I n

I ⑦
/ \⑤ 2 %

2 ⑤ \⑦ 4 %
:

: :OKO
n 1

: :

109"① ① Try = 1 ⇒
n -
2k

⇒ k -

- Ioyn
When do we stop ?



Recall Logarithms (base 2)
De"ne  by

Another way

 is # times  can be divided by  to get (at most) .

Facts.

1. For every constant , .

2. .

log
log a = b ⟺ = a2b

log a a 2 1

c > 0 log n = O( )nc

log n ≠ O(1)



Running Times by Depth merge , etc .

depth no.si#-imeoj- counting %;)
0 ① n I. Mn) = 0in)

2 nk 2. O(%) = Ocn)→ i

ⁿÑ

, now = OH

2 4 4. O(V41
= Oln )

: ÷

inu 2k ( Hootie) = On)
: :

log n n I

logn depthO(nlog
"n-stotalr.t.com#



Foreshadowing
1-(n) = ✓running time of Mergesort on a of size n

worst - case

Tcnl satisfies the recursionre.la/ion- merge ,

Tcn) = 2 . +o④← etc .

recursive calls"

Master method
"

gives gem .
formula for this

type of recursion

⇒ Tln) = Olnloqn )



Picture so Far:
SelectionSort.  operations

 comparisons

 swaps

BubbleSort and InsertionSort.  operations

 comparisons

 swaps

MergeSort.  operations

 comparisons

 modi"cations

uses  space overhead

O( )n2

O( )n2

O(n)
O( )n2

O( )n2

O( )n2

O(n log n)
O(n log n)
O(n log n)

O(n)

←


